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1. Motivation: Nonlinear function fits

Log-Logistic Funktion

# 3
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2. Non-Linear Regression Models

• Y= f(X,β) +ε

Variance of estimator for β : 

V ≈ σ2(FTF)-1 

• F = F(X, β) is the matrix of derivatives of f regarding β.

-> Choose X (e.g. dose levels and frequencies) in a way to minimize V!

# 4
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2. Non-Linear Regression Models

# 5

Minimize V-> Maximize FTF (Information Matrix M)

For a single dose level called Elementary Information Matrix
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3. Statistical Optimal Design

• Matrix cannot be maximized as a whole

->  Maximize matrix function (Information Function), e.g.

• Determinant (|FTF|, „average“ variance, D-Optimality)

# 6
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• Matrix cannot be maximized as a whole

->  Maximize matrix function (Information Function), e.g.

• Determinant (|FTF|, „average“ variance, D-Optimality)

• Variance for linear combination of parameters cTβ, given by vector c

Example: c = (0,0,0,1) will minimize variance of 4. parameter ED50

-> minimize cT (FTF)-1c (c-Optimality)

 Other functions of parameters (ED75, MED, …) also require c-
optimality

# 7

3. Statistical Optimal Design
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Information functions are generally concave. This means:

• No local maxima

• Derivatives will always point in direction of global maximum

• Matrix-wise derivatives used (Frechet-derivatives)

• Derivatives can measure change from one information matrix M (existing 

design) in direction of all elementary information matrices 

• Simple algorithmic solutions possible (Yu, 2010, Yang, 2013, ...)

• At optimum, all derivatives will be zero or less (equivalence theorem)

# 8

3. Statistical Optimal Design
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4. D vs. c-Optimal Designs

Log-logistic function (e=1, b=1)

D-Design:

4 optimal design points 

(green), 25 % each*

c-Design for ED50:

3 optimal design points (red) 

with weights 25%, 50%, 25%

# 9*Holland-Letz, T. & Kopp-Schneider, A. (2015)
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4b. Pharmacokinetics

Simple elimination function:

f t = 𝛼 𝑒𝛽𝑡

D-Design:

2 optimal design points (green), 

50 % weight at 𝑡 = 0 and at 𝑡 =
1

𝛽

- Any other function possible 

- This talk focuses on dose 

response

# 10
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5. The Design Heatmap for D optimality*

# 11

 Shows scalar products between 

information vectors of individual     

Dose levels, normalized by 

variance matrix of the optimal 

design 

 Red: Identical information

 Other colors: less similarity

*Holland-Letz, T. & Kopp-Schneider, A. (2020a)
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6. Dependence on parameters

Different parameters:

Log-logistic function with 

3 different slope parameters

b (red, blue, green).

Result: Still 4 optimal dose levels 

(top part), 25 % of measurements 

each.

# 12
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7. Statistical Optimal Design: Limitations

True b True e Efficiency 

Log-logistic

1 1 100% (Reference)

0.9 1 99.5%

1 0.9 99.8%

0.9 0.9 99.3%

1.1 1.1 99.6%

0.5 1 91.0%

1 0.5 91.8%

0.5 0.5 89.5%

1 2 91.8%

2 1 75.5%

2 2 61.1%

• Problem: Design depends on true parameters

• Wrong parameter assumptions-> poor Designs

# 13
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• One Solution: Quasi-Bayes approach

• Assume probability distribution for parameters

• Optimize expected value of information function over distribution

Example: Parameter b either 0.5, 1 or 2, probability 33.3% each

# 14

Quasi-Bayes optimal 

design shown in black

7. Statistical Optimal Design: Limitations
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8. Practical implementation

 Practical scientists usually prefer simple designs

 Most common: Designs with 8 doses equally spaced on the log axis, 

same number of observations per dose level, plus 20% control

 Best factor: 3^(1/b) for 8 doses, 3.5^(1/b) for only 6 doses

 These designs are still generally 15-30% inferior, but more robust in 

regard to assumptions about parameter e

 Solution: Use a simple design still reasonably efficient 

# 15
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9. Combination experiments

# 16

Situation: 

Substances are mixed to increase effectiveness 

Idea:

Measure, how much more substance is needed, compared to an additive Effect.

Definition of interactions: 

Additive effect is defined by one of several theories about interaction. 

Loewe additivity: 

Substances can replace each other at fixed ratios depending on effect level.

Interaction Index Tau: 

Factor describing the change in necessary dose 
Tau=1:   No interaction (additivity)

Tau>1 : More substance needed (anatagonism)

Tau<1: Less substance needed (synergy)
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# 17

Usual setup: 

- Substances are mixed in different ratios, e.g. 1:1, 2:1, 1:2 .

- Every mixture is then applied in several increasing doses.

- Setup is called a ray design.

- Single substances are included as additional rays.

- Alternative: Combine substances in all combinations 

on a grid (matrix design)

- In matrix design, no dose response curves can be fitted 

9. Combination experiments
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9. Optimal design for Combinations

 Expected parameters for combination rays can be (approximately) predicted   

under Loewe interaction model and additivity (Holland-Letz, 2020b):

 Every mixture ray is thus just a new standard design problem

# 18
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9. Optimal design for Combinations

 Interaction index is function of parameters from three rays (two single 

substances, one mixture)

 D- or c-optimal designs again possible

 c-Designs usually not worth the extra effort (Holland-Letz, T & Kopp-Schneider, 

A, 2017a)

 Alternative: Fit and estimate parameters for functional relationship between 

mixture proportion and interaction index / parameters

# 19
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# 20

Results from a Ray design Linear Interpolation

experiment:

9. Optimal design for Combinations
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10. An R Shiny Application*

# 21*Holland-Letz, T. & Kopp-Schneider, A. (2021)
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# 22

10. An R Shiny Application
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11. Extension to substance mixtures

# 23
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12. Summary

# 24

 Designs for common dose response situations can be determined 

algorithmically

 Existing designs can be evaluated, and compromise designs found

 Substance combinations in ray designs can be planned as well

 An R-Shiny app for most of this is available under  

http://biostatistics.dkfz.de/DoseResponseDesigns/

 Main paper for Shiny app: Holland-Letz, T. & Kopp-Schneider, A. (2021)

http://biostatistics.dkfz.de/DoseResponseDesigns/
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